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ABSTRACT 



Frequency shifted feedback (FSF) lasers have been demonstrated to have interesting and useful features 
when used for optical ranging. The use of a phase-modulated seed to the FSF laser dramatically improves 
the signal-to-noise ratio, enabling distance measurements with the accuracy expected of optical interfer- 
ometry. We present here an intuitively accessible description of the physics that underlies this dramatic 
enhancement of optical ranging signals. Unlike a free-running FSF laser, each one of the many equidistant 
frequency components of the seeded FSF laser spectrum (typically >10*) has a definite amplitude, and a 
phase which varies with component number and modulation frequency Q of the seed radiation. Suitable 
adjustment of fl gives all components a common phase; the resulting constructive interference enhances 
the signal by orders of magnitude. 

© 2009 Elsevier B.V. All rights reserved. 



1. Introduction 

Many optical ranging technologies make use of interference be- 
tween two ray paths, one of known distance and the other to a tar- 
get object, to measure distances with subwavelength accuracy. 
Lasers have served well as the radiation sources for optical ranging. 
In particular, frequency shifted feedback (FSF) lasers have been 
proposed and demonstrated [1-71; l h eir properties offer potential 
advantages over other laser-based techniques for ranging [8-13]. 

In recent papers [10,11,13] we have proposed and demon- 
strated the use of a FSF laser whose seed frequency is phase 
modulated. This easily implemented modification improves the 
signal-to-noise ratio by many orders of magnitude and thus over- 
comes some recognized problems. Although the mathematics has 
been presented in detail [10], and experimental demonstrations 
have been published [1 1,13], the mathematical formalism has pro- 
vided no intuitive picture of the role of phase modulation. 

We here offer a very simple presentation of the principles in- 
volved in the phase-modulated FSF laser and its use for optical rang- 
ing. To explain the technology we first review the basic operation of 
a Michelson interferometer, because this forms the heart of the 
ranging measurement. We start by pointing out, as is well known, 
how classical interferometry with monochromatic light has an 
intrinsic ambiguity in measuring lengths: these are determined 
only within a multiple of the optical wavelength. One technique 
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for overcoming this limitation is the use of phase-modulated light 
as interferometer input, but this technique has limitations that we 
mention. 

Having presented this background, we discuss how a phase- 
modulated FSF laser, being the superposition of a very large num- 
ber (typically more than 10 4 ) of mutually coherent components of 
a radiation field, overcomes the shortcomings of a conventional la- 
ser source when applied to ranging. It relies on a measurement of 
frequency, which is inherently more accurate than measurements 
of response amplitudes. As will be explained, the FSF laser with 
phase modulation greatly improves the signal-to-noise ratio. 

M. Basic Michelson interferometer 

The schematic diagram of Fig. 1 shows the essentials of a 
Michelson interferometer: from a source of collimated radiation 
two paths, whose lengths differ by L recombine at a detector that 
produces a signal proportional to the power, i.e. proportional to the 
square of the local electric field. The two contributions to the de- 
tected field are derived from a common source field but differ by 
the delay time T = 2L/c. Thus the detector signal has the form 

S(tJ) = ^{|£(t)| 2 + \E(t - T)\ 2 + 2Re[E(t)E(t - 7*)']}. (1) 

Here, the factor jf expresses the efficiency of the detectionprocess 
as related to the square of the electric field. Note that when the 
material of the target differs from that of the reference there occurs 
upon reflection a difference in phase that acts as an increment of 
length [14]; we here ignore this phase difference. 
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(p(() = <p 0 + p$ir\(Qt + 0). 



(6) 



Source 




. - » Unknown 
path 2 i 



Detector 

Fig. 1. Basic schematic layout of a Michelson interferometer, showing light source, 
power detector, and two arms. For clarity the overlapping beams are shown here as 
slightly offset spatially. 



The simplest implementation of such a Michelson interferome- 
ter occurs when the source is monochromatic, of wavelength 
X = 2nc/a>. We write this field, at the position of the detector, in 
the complex form 



£(t) = (fexp[-icot]. 



.(2) 



Here, 6 is the amplitude of the source field and co its frequency. It is 
this field that, after passing through the two paths of the interfer- 
ometer, appears at the detector to produce a signal. 

With such a field the detector signal is independent of time t 
and is expressible as 



S(t,T)=<f[1 +cos(coT)] 1 



(3) 



where coT = Anl/L The constant = 2|^| 2 ^K determines the size of 
the signal for a given electric field. Measurements of this signal, for 
varying optical frequency a>, provide values of cos(a>T) and with 
that a measure of the ratio L/X. Thus the technique is capable of pro- 
viding values of L with an accuracy better than the optical wave- 
length X, but with an ambiguity (of X) arising from the periodicity 
of the cosine. When used for measurements of distance a classical 
interferometers cannot give values of absolute distance, only dis- 
tances relative to some integer multiple of the wavelength. There 
are many methods capable of resolving this ambiguity [15-17|. 
One of them uses a phase-modulated light source. The following 
paragraphs review the operation of that technique, as a preliminary 
to the discussion of phase modulation in FSF lasers. 

7.2. Absolute distance measurements using a phase -modulated light 
source 

One of the suggestions for making absolute measurements of 
distance using an interferometer came from Webb et al. [18], 
who suggested the use of a phase-modulated laser as interferome- 
ter input. We here follow their approach and consider a light 
source upon which we impose a specified phase variation <p(t). 

E(t) = #exp{-itQt~i<p(t)\. (4) 

The detector signal is then expressible as 

S(r T) = ff{l +- cos[wT + <p{t) - <p(t - T)]}. 



A particularly useful phase variation is a sinusoidal modulation, 
achievable using an electro-optical modulator driven at a radio fre- 



Here. p is the modulation index. ip Q is the initial optical phase and i> 
is the initial phase of the modulation signal. 

For such harmonic modulation of the phase ip{t) the phase dif- 
ference <p(t) - <p{t-T) is also sinusoidal 

<p(t) - <p(t - T) = p{s\n\Qt + J) - sin(fi(r ~T) + d]} 
= 2ps\n(QT/2) cos[Q(t - T/2) + 0} 
= zsin(fit + 0), (7) 

with the amplitude and phase 

z = 2/?sin(GT/2), <p = 6 - (QT + 7i)/2. (8) 

The resulting interferometer signal is 

S(tJ) =tf{1 +cos[wr + zsin(f2t + <£))} 
= «{1 + cos(a>r)cos[zsin(ftr + <t>)] 
- sin(ajT) sin(zsin(Gt + <£)]}. (9) 

By using the Jacobi-Anger identities 

sin(zsinx) =2£; 2 ^ 1 (z)sin[(2fc- (10) 

k=\ 

cos(zsinx) = J Q [z) + 2 J/ 2 *(z) sin(2k*), (11) 

k=] 

we rewrite the signal as [18) 

S(f , T) = j 1 + cos{coT)] 0 (z) + 2 cos(col) Jlhk(z) s'm[2kQt + 2k<p}} 

-2 sin(wT) f^hk-i (2) sin[(2k - 1 )Qt + (2k - 1 )<t>\ 1 . (12) 

The signal of Eq. (12) is a superposition of the harmonics of the 
modulation frequency Q, each weighted by an appropriate Bessel 
function. Viewed in the frequency domain these appear as discrete 
components. We can use a narrow-band filter to select any individ- 
ual harmonic, using phase-locked detection or other means. In this 
way we can restrict consideration to a single value of k. 

For example, consider a filter that selects just the first-har- 
monic, k = 1. The signal responsible for this harmonic is 

(t, T) = -2^ (z) s\n(o)T) sin(fit + <t>) 

= (z)[cos(flt + <t> + 0)T) - cos(Qt + coT)]. (13) 

From the measured amplitude of this signal we obtain the value of a 
Bessel function 7, (z). This gives information about z, from which we 
obtain information about the absolute value of the delay T. Because 
the modulation frequency Q is radiofrequency (RF), it has a wave- 
length that is orders of magnitude longer than the optical wave- 
length of the light source. It is this long wavelength, rather than 
the optical wavelength, that determines the ambiguity with which 
we measure the distance L 

This method of ranging has two drawbacks. First, we have to ad- 
just the interferometer to maximize sin(a>T) in Eq. (13). Second, 
the method relies on a quantitative measurement of light intensity. 
From the magnitude of the signal we obtain the argument of the 
Bessel function z and, from Eq. (8), the time delay T. It is difficult 
to calibrate measurements of intensity, and hence the method ~ 
has intrinsically low accuracy. These drawbacks have prevented 
practical application of the method for ranging using Michelson 
interferometer and phase-modulated light. 



(5) 2. Optical ranging using a FSF laser 



niiPnrw O 



The development of frequency shifted feedback (FSF) lasers 
[1-13] offers a means of overcoming the previous limitations of 
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RF-modulated interferometry and of obtaining very high accuracy. 
The basic principles underlying a FSF laser are readily understood: 
it comprises an optical cavity (or closed loop) in which there occurs 
a frequency-shifting element, typically an acousto-optic modulator 
(AOM), and material that provides gain to a range of frequencies. A 
small portion of the cavity radiation emerges as output; see Fig. 2. 

From a single seed field of frequency cu, and phase <p s {t) a suc- 
cession of round trips within the bounded laser cavity (or fiber 
loop) produce a set of frequencies, spaced equidistantly by the fre- 
quency shift A induced by the AOM. Typically the gain bandwidth 
is sufficient to amplify a large number (>10 4 ) of discrete frequency 
components, each with definite frequency and phase. These form a 
frequency comb spaced by the AOM frequency J. 

As we explain below, instead of one laser field an FSF laser pro- 
vides a large number of field components, each of which gives a 
similar contribution to the first-harmonic signal, but with different 
phases. One might expect that the averaging of so many signals 
would eliminate any interference effects. On the contrary, we will 
show that, when the modulation frequency matches a delay- 
dependent value, the signal is greatly enhanced; from a measure- 
ment of this frequency one obtains a very accurate value of the de- 
lay T and hence of the distance. 



seed 



output 



2.1. The FSF laser 

The output 
components 

*(0 = ^2 ** ex PH'(<*>i + nA)t - i<P n - i<p s (t - nt)], 



field from a FSF laser is the sum of many 



(14) 



Component n has a fixed frequency that has been shifted from co s by 
nA. It has the phase of the seed laser taken at an early time 
(p s (t - nx) and it has undergone an additional phase shift, 

4> n = nr[w, + (n + lW2]. (15) 

where t is the round-trip time within the FSF cavity. Cain from the 
amplifying medium and loss from the filter alter the original seed 
amplitude <S Q to the value As earlier work has shown (5], the dis- 
tribution of amplitudes is well described by a Gaussian centered at 
a peak value n max and of width n w . In this approximation the ampli- 
tude i n is 



<f n = <f 0 exp 



(n - n max ) 
ni 



n 2 w 



(16) 



Fig. 3 illustrates the distribution of field components, showing the 
varying amplitudes, spaced by the AOM frequency A. The figure 
shows a representative distribution of gain and of loss from the fil- 
ter. The peak of the Gaussian, parametrized by n max% occurs close to 
the frequency at which gain equals loss. 

2.2. Coherence properties of the FSF loser output 

It is well known that the output of a multimode laser can, when 
the modes are phase-locked, appear as a periodic succession of 
very short pulses [19]. The frequencies contributing to this output 
are separated by the free spectral range (FSR) of the laser cavity, 
2tt/t for a round-trip time of t, and their phases vary linearly with 
frequency. A FSF laser can also operate in a regime in which the 
output is a train of short pulses [20). The field is then a set of 
mode-locked frequencies spaced by the FSR, 27t/r. 

However, for use in optical ranging, the operating regime of the 
FSF laser is such that no mode-locking occurs. The frequencies of 
the output field, are spaced by the AOM frequency A, and their sta- 
tic phases <P n vary quadratically with component number n. The 
temporal output is periodic with the period 2k /A and appears as 
a train of freauencv-chiroed Dulses [51. 




Fig. 2. Symbolic diagram of a ring cavity showing gain C, spectral filter F and 
frequency-shifter AOM. as well as seed and output (from |7j). 



Loss 




Gain 



Fig. 3. Frequency components of FSF laser, spaced by A, as a function of frequency 
a). Cain and filter loss are shown, as is the seed frequency <o t . 



2.3. Optical ranging using a FSF seed having sinusoidally modulated 
phase 

The extension of the discussion of a single phase-modulated la- 
ser to a FSF laser is straightforward. Let us assume that the phase of 
the FSF seed laser is modulated as 



<p = 0sin(flt + tf). 



(17) 



When such phase modulation of the seed is present the phase of a 
specific FSF component n reads 

<p n = £sin(fl(t-nT) + tf). (18) 
Therefore, we have 

<p n = 0sin(flr + *„), i? n = tf-nfir, (19) 

meaning that each FSF component has, in addition to the static 
phase a modulated phase <p n that originates with the seed-laser 
phase. The initial phase of that modulation varies linearly with 
component number n. 

Eq. (12) has given the expression for the signal for a single mod- 
ulated laser. With the FSF laser we have many such modulated 
components. The detector signal sums the results from each of 
them, appropriately phased. 

For example, consider filtering that selects just the modulation 
frequency Q (the first of the harmonics). Then the signal, general- 
izing Eq. (13), is the sum of all the individual components of the 
FSF field, 

S, (r, T) = (z) £ \e n \ 2 {cos(Qt + <t> n + [co 5 + nA]T) 

n 

- cos(Gt + <p n - [co, + ndJT)}, (20) 

where 

<t> n ~ti n -(QT + 7t)/2 } # n =ti-nQx. (21) 

We rewrite this as two separate sums 

Si (r, T) = 1*7, (z) £ Knl 2 cos[Qt - n(Qz - T4) + * J 

n 

- 2.yj,(z) £ |<?„| 2 cosfflr - n(ftt + TA) + #_|, (22) 
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Fig. 4. Schematic distribution of vector phases, (a) a uniform distribution of vectors 
resulting from small constant phase increments between components of the 
radiation field, (b) A narrow distribution of phases, as occurs when the resonance 
condition is nearly but not exactly fulfilled, (c) All vectors have phases that obey the 
resonance condition. * 



where 

iff ± = ±ojJ - (QT + n)/2 + 1?. (23) 

Each of these sums is responsible for a distinct resonance (an 
enhancement of the signal within a narrow frequency range) as 
noted in the following paragraphs. 

2.4. Vector picture of interferometer output signal 

Because the terms of the summation have amplitude and phase, 
they can be regarded as vectors. When the modulation frequency Q 
obeys the resonance condition 

Qx = ±TA + m2n i m = 0,1,2 (24) 

then all vectors in one of the sets are aligned in the same direction. 
The resulting vector has, as magnitude, the arithmetic sum of the 
amplitude of each of the many components. The resulting first-har- 
monic signal is 

S 1 (t,T) = ±2^/ 1 (z)^|^| 2 . (25) 

n 

Fig. 4c illustrates this situation. By contrast with the results of a sin- 
gle laser, here we have the sum of many components (typically 
>10 4 ). and so the signal is greatly enhanced by comparison with a 
single laser. 

However, when the modulation frequency is nonresonant, so 
that the argument (Qx ± J A) is nonzero, the vectors point, with 
angular increment n(Qx±TA) t into different directions. Their 
summed amplitude will therefore typically be small, or zero. 
Fig. 4a illustrates this situation. 

To evaluate the interferometer-arm delay T, from which we de- 
rive the ranging information, we must evaluate the modulation fre- 
quency Q for which the resonance condition of Eq. (24) holds. This 
is recognizable as the modulation frequency which maximizes the 
interferometer output signal at a frequency 

i£' = ±f T+m T- (26) 

The components will be in phase, and the signal will be large, only 
within a small interval 

SQ~ — -A. (27) 

of frequencies near such a resonance frequency, set by the width n w 
of the component distribution, see Eq. (16), Fig. 4b illustrates this 
situation. 

Our optical ranging procedure, using a phase-modulated seed 
for a FSF laser, is based upon identifying the frequency where the 
resonance occurs. We do not need to measure relative intensity 
and interpret this through a Bessel function. It is this change, from 
measurine relative intensitv to measuring a freauencv ( facilitated 
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by strong signal enhancement at resonance), that gives our method 
such an advantage. 

Our procedure also dramatically enhances the signal observed 
with an unseeded FSF laser |8,9]. The phases of a FSF laser seeded 
by a phase-modulated input laser have well defined phases. By 
contrast, when the FSF grows from spontaneous emission the FSF 
Meld comprises a continuous distribution of frequency combs. 
Within any comb the phases are fixed by geometry, and are not 
adjustable, but the phases between different combs (started by 
spontaneous emission) are random. Our method uses the coher- 
ence of the various components to enhance the signal compared 
with growth from noise. 

2.5. Observing higher harmonics 

We remark that the resonances exist in the amplitudes of all 
harmonics of the output of Michelson interferometer excited by 
FSF laser with phase-modulated seed laser. For example, the signal 
of the second harmonic is 

S 2 (t, T) = 2jrj 2 (z) l^nl 2 sin[2flt - n(2Qx - TA) + ^ 2) ] 

n 

- 2^J 2 (z) £ |*„| 2 sin[2flt - n(2Gr + TA) + f?>], (28) 

n 

where 

^ = ±0) S T - (2QT + 7l)/2 + 2tf. (29) 
The resonance condition is 

Qx = j[TA + 2nm). (30) 

In a similar way one can show that for the kth harmonic the reso- 
nance condition is 

ar = I[TJ + 27im]. (31) 

Each harmonic signal varies in proportion to a Bessel function 
whose arguments defined in Eq. (8). varies with distance L When 
a distance is such that the Bessel function } y (z) for order 1 is small, 
thereby limiting the signal strength, the Bessel function J k {z) of a 
higher order will then give a larger signal. 



3. Summary and outlook 

Phase modulation interferometry has been earlier suggested 
and is well understood [18]. The physics of FSF laser operation is 
equally well understood [5]. The concept of ranging with a free- 
running FSF laser has been described and demonstrated some 
years ago by Japanese researchers [8,9). However, the free-running 
FSF laser is not a practical device for industrial applications. 

The use of a phase-modulated FSF seed overcomes the draw- 
backs noted for a free-running FSF laser. As has been demon- 
strated, this technique provides dramatic enhancement of the 
interferometer output signal by orders of magnitude if, and only 
if, the modulation frequency Q obeys the resonance condition of 
Eq. (24). The accuracy of the ranging technique stems from the 
accuracy with which frequency measurements can be made, in 
contrast to measurements of relative intensity. 

Although the literature contains rigorous mathematical treat- 
ments of FSF lasers [10| the present discussion offers a simple 
straightforward picture of the physics behind the observation of 
the dramatic signal enhancement resulting from the phase modu- 
lation of the FSF seed. 
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